I. INTRODUCTION
In contrast to the standard approach of the wave function in the Schrodinger picture, the phase space formulation of quantum mechanics [1] [2] [3] [4] [5] [6] [7] treats the position and momentum variables on equal footing and the quantum state is described by a quasiprobability diatribution function. In the existing literature, there are several approaches to find out the quasiprobability function [8] [9] [10] [11] [12] [13] . Among them, perhaps the most popular distribution was discovered by Wigner [3] in 1932 in the context of many body system where he calculated the quantum correction terms to the Gibbs-Boltzmann distribution function. In later years this method has been utilized in equilibrium and non-equilibrium quantum statistical mechanics.
In addition to that, it has also been applied to pure quantum mechanical problems [14] [15] [16] [17] [18] .
Some of them are discussed here. It has been applied to study the quantum stochastic problems [15] . Calculation of the pair distribution function of liquid neon [19] has been performed. It has also been applied to study the quantum systems with Hamiltonian quadratic in the coordinates and momentas [14, 16] .Wigner distribution has turned out to be instrumental to determine the quantum corrections to simple molecular fluids [20] . It has been used to obtain the approximate solution of nonlinear Schrodinger equation [21] . It has been employed in the derivation of quantum corrections to the one component plasmas for two and three dimensional systems [22, 23] . Wigner equation is also relevant in the cotext of subjects like quantum chemistry and quantum optics [24] . This article deals with the Wigner distribution function of indistinguishable particles.
The first step in this direction was taken by Uhlhenbeck and Gropper in 1932 [25] . They did not take into account the explicit spin effect and calculated the equation of state of nonideal Bose and Fermi gas. In the next stage, Green [7] worked out the connection between the density matrix obtained on the basis of classical statistics and the corresponding matrices for the bosons and fermions. An expression for the Wigner distribution function valid for systems of bosons or fermious is obtained by making use of correspondence relations between classical quantities and quantum mechanical operators [26] . The calculation of exchange quantum corrections in case of one component plasma has been performed [27, 28] . Recently, there has been a renewed interest in the application of the Wigner phasespace approach in the context of density-functional theory (DFT) [29, 30] . In phase-space, the semiclassical expansion has been applied for the inclusion of gradient corrections to the phase-space distribution for the spatially inhomogeneous problems to incorporate quantum corrections beyond the local density approximation (LDA) [31] . Another, simple closed form expression for the exact Wigner function of an ideal gas of harmonically trapped fermions or bosons at arbitrary temperature and dimensionality has been derived [32] . An introduction to the theory along with a Monte Carlo method for the simulation of time-dependent quantum systems of fermions evolving in a phase-space has been presented [33] .
In this work, we have calculated perturbatively the quantum correction to the distribution function of the bosons. In this process we have chosen the Bose-Einstein distribution function as our unperturbed distribution. Finally, we have applied the result to calculate the number density of the bosons by taking the proper moments of the distribution function obtained in this article. This work may be useful to deal with the properties of the particles in the Bose-Einstein condensates at finite temperature. It may be important for the construction of fluid models and determination of bulk properties of the bosons.
II. SOLUTION OF THE COMPLETE WIGNER EQUATION

The Wigner equation is
where, f (x, p, t) is the single particle quasi-distribution function and φ is the potential energy.
The above equation will be written in a normalized form, where we have defined the following normalized variables.
where l is the length scale of the system and β is the Boltzmann constant. The norlalized equation is then
where
is the small expansion parameter and this equation is legitimate only if it is possible to develop the potential energy φ in a Taylor series.
The semiclassical equilibrium solution will be determined in a perturbative way with Λ as the small parameter. The starting point will be the first equation, where the first term of the infinite series of the normalized equation will be retained. The corresponding phase space distribution function will be denoted by f 2
If the quantum corrections are neglected, the following expression can be obtained as the solution of the steady state vlasov equation for the indistinguishable particles
where, a 01 = φ and a 11 = 1. The chemical potential has been chosen to be zero.
In the limit exp(a 01 − a 11 p 2 2 ) < 1 f can be expressed as
If the first quantum correction term is added to the vlasov equation, following solution is then obtained [34] .
where,
If, terms upto Λ 2 order are retained
In the next stage, the first two terms of the series will be taken into account and a solution will be sought of the following form
The postulated solution will be inserted in the following equation
The method can be illustrated with the fourth term of the above equation. It can be written explicitly.
Similarly,
It can be noticed from the expression of the W 4n that its derivative will bring out Λ 4 from the argument of the exponential and will be atleast of the order of Λ 4 . Therefore, except the first terms of the above expressions all the other terms are of higher order than Λ 4 and will be omitted. If the terms upto the order Λ 4 are retained, then
Finally, eq. If the value of W 2n corrected upto Λ 2 is inserted in this equation, higher order terms including Λ 2 order will be generated from the third term. The terms upto the Λ 2 order will be omitted from the first three terms and the following two Λ 4 order term will contribute to the Λ 4 order solution.
Now, eq.(13) will be
Inserting W 2n and W 4n from eq.(6) and eq.(11) respectively and collecting the Λ 4 order coefficients of different powers of p and separately equating them to zero, the following first order differential equations emerge
From eq.(15)
After a simple rearrangement in the last term
Therefore, with the help of eq. (6), eq. (9) and eq.(10)
To get back the Wigner's structure of the Λ 4 order solution, the exponential factors W 2 and W 4 should be expanded and terms upto Λ 4 order would be retained.
Collecting terms upto the order Λ
This process can be continued and for the Λ 2j order solution we get the following equation.
The solution of the complete Wigner equation will then be obtained as
For j=1, we have already obtained W 2
For j > 1,
Now we can collect all Λ 2j order terms in eq. (27) to obtain
2 , R = f 2j−2,n /M and S is the Λ 2j order contribution of the terms,
For example, if we are interested in Λ 4 (j = 2) order solution, only the first term of the series
will contribute to S.
Comparing the Λ 2j order coefficient of q 2i+1 in eq. (29), the following equation is obtained
where the last term is the coefficient of q 2i+1 of S and
in which, D i = coefficient of q 2i+1 of the Hermite polynomial He 2j+1 (q)
These equations are true for i=0 to i=j-1
This is a first order equation and can be easily solved to obtain the value of a jj . Using this result, all the equations of this group can be successively solved to find out the remaining coefficients. Finally, a ijn can be expressed in the following compact form.
c ikj can be identified from the expression of a ijn . For example, the coefficents of n 3 ,n 4 and n 5 of a 02n in eq. (21) can be identified as c 002 ,c 012 and c 022 respectively.
Therefore, the distribution corrected upto Λ 2j′ order is
(∂ = derivative with respect to φ)
III. CONCLUSION
In this work the all order solution of the Wigner equation for the bosons has been derived in the presence of mean field. In the original work of Wigner he calculated the second order quantum correction to the Gibbs-Boltzmann distribution and applied it to calculate the thermodynamic properties of the many-body system. It is evident that as we increase the density and decrease the temperature of the system we approach the situation where quantum effect is more important and to describe it properly we need to add more higher order terms to the Wigner equation. In this condition the indistinguishibility factor of the particles should be incorporated for the completeness of the problem and we have taken care of that factor in our calculation.
The process is simple and can be continued for any order. Similarly, we can also calculate other physical quantities like pressure by taking the proper moments of the distribution function. It is observed that the higher order terms of the Wigner equation contain higher derivatives of the potential function. Therefore, the potential should be smooth enough so that the convergence of the problem is achieved.
Finally, it can be concluded that this article extends the phase space formulation of Wigner to the system of bosons with all higher order corrections and may be applied to probe the properties of the bosons and bose condensates at finite temperature in the presence of external potential.
